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Design of Exactly Linear Phase ￿-Regular IIR
Half-Band Filter
H. G. Hoang, Hoang Duong Tuan, T. Q. Nguyen, and H. H. Kha
Abstract—This paper proposes a novel method to design exactly
linear phase inﬁnite impulse response half-band ﬁlters with ar-
bitrary regularity. Broadly speaking, the design problem is for-
mulated as a semi-inﬁnite program, which is then turned into a
semideﬁnite program of minimal order via a new linear matrix in-
equality characterization of convex hulls of trigonometric polyno-
mials.Incontrasttomaximallyﬂatapproach,theproposedmethod
allows direct control of various design parameters, which in turn
enables the synthesis of ﬁlters with better transition response. The
viability of the proposed method is demonstrated through several
numerical examples.
Index Terms—Half-band, inﬁnite impulse response (IIR), linear
phase ﬁlters, semideﬁnite programming (SDP).
I. INTRODUCTION
H
ALF-BAND (HB) ﬁlters play a very important role in
digital signal processing, especially in multirate appli-
cations [1], [2]. The most commonly used half-band ﬁlters are
linear phase ﬁnite impulse response (FIR) ones due to their ef-
ﬁciency and the availability of numerous design algorithms [1],
[3], [4]. Inﬁnite impulse response (IIR) HB ﬁlters, although less
popular than their FIR counterparts, are attractive in that they
require a much lower order for the same speciﬁcations.
There is a number of approaches for designing IIR HB
ﬁlter [5]–[7] but they invariably lead to nonlinear phase HB
ﬁlters. Although exactly linear phase IIR ﬁlters are either
unstable or noncausal, low complexity techniques for handling
noncausality in block-based applications are well documented
(see, e.g., [8]–[10]). They make IIR ﬁlters with exactly linear
phase practicable in various applications, especially in image
processing [11]–[13]. Moreover, a triplet of linear phase IIR
HB ﬁlters can be used to construct a two-channel perfect
reconstruction linear phase ﬁlter banks [14], [15].
The dominant approach in designing linear-phase IIR HB ﬁl-
ters is to impose maximal ﬂatness on the HB structure, thereby
derive the closed-form expression for ﬁlter coefﬁcients [16],
[17]. The main drawback there is that some important speciﬁ-
cations such as band edges and peak ripples cannot be prespeci-
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ﬁed/controlled. As a result, for instance, the transition response
of the ﬁlter is not optimized.
In this paper, we develop an optimization-based method for
designing -regularIIRHBﬁlterswithexactlylinearphasethat
is able to incorporate more speciﬁcations. Broadly speaking,
the conservative maximally ﬂat assumption is relaxed for more
freedom to reformulate the problem as a semi-inﬁnite program
(SIP). The key then lies in a novel technique to convert this SIP
to a semideﬁnite program (SDP) without additional variables.
The attractive feature of the proposed approach is that it allows
direct control of the ﬁlter’s magnitude response while the arbi-
traryregularityorderisprevailed.Thus,ourmethodprovidesthe
designer with more ﬂexibility in making the tradeoff between
transition band sharpness and ﬁlter regularity.
Theremainderofthispaperisstructuredasfollows.SectionII
formulates the -regular IIR HB ﬁlter design problem as SIP.
Section III contains the main result of our paper and presents
low-dimensional SDP formulation for the problem. Section IV
presents simulation results to demonstrate the efﬁciency of the
proposed approach. Finally, conclusions are given in Section V.
Thestandardnotationsareusedinthispaper.Vectorsandma-
trices will be represented by italicized bold lower case and up-
percaseletters,respectively.Thesuperscript“ ”denotesmatrix
transpose operation. The standard notation represents a
positive semideﬁnite Hermitian matrix and stands for
the inner product of the matrices and .
II. PROBLEM FORMULATION
Consider a general IIR HB ﬁlter given by the following for-
mula [1], [17]:
(1)
where is a constant that represents the zeroth polyphase com-
ponent. The ﬁlter is exactly linear phase if the numerator and
denominator of are symmetric. Moreover, when the coef-
ﬁcients and in (1) are symmetric, the numerator is sym-
metricifandonlyif(iff)symmetriccentersof and overlap,
i.e., . In addition, to avoid singularity at
, must not be odd. To sum up, is a valid
linear phase half-band ﬁlter if the following conditions are met.
￿ The coefﬁcients and are symmetric, i.e., ,
.
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Fig. 1. Template for low-pass ﬁlters.
￿ is even, is odd.
￿ must be chosen so as .
For the sake of simplicity, let and , then
is rewritten as
(2)
(3)
where and are coefﬁcients of numerator and denominator of
. Denoting the design variable by
it is obvious that and where
(4)
. . .
. . .
...
. . .
. . .
. . .
...
. . .
. . .
. . . ... . . .
. . .
. . . ... . . .
(5)
. . .
. . .
...
. . .
. . .
. . .
...
. . .
. . .
. . . ... . . .
. . .
. . . ... . . .
(6)
TABLE I
￿ DESIGN SPECIFICATIONS
Fig. 2. Magnitude response of a 2-regular 12th-order ﬁlter.
Thenumberofzerosat ,commonlyreferredtoasreg-
ularity or degree of ﬂatness at , is an important parameter
of the ﬁlter, especially in wavelets applications [2], [18]. The
ﬁlter is said to be -regular if the following condition is
satisﬁed [17]:
(7)
Since is symmetric, the regularity must be an even number
and condition (7) reduces to [19]
(8)
where
(9)
. . .
. . .
...
. . . ... . . .
. . .
(10)
In summary, the regularity condition can be expressed in matrix
form as follows:
(11)
where
(12)
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Fig. 3. 12th-order ﬁlter with different regularity. (a) ￿ ￿￿ . (b) ￿ ￿￿ . (c) ￿ ￿￿ . (d) Transition bandwidth versus regularity.
. . .
. . .
. . .
. . .
. . .
(13)
On the other hand, speciﬁcations on the magnitude response
of the ﬁlter are often given in terms of peak passband ripple,
peak stopband ripple, passband edge, and stopband edge.
These parameters deﬁne an envelope for the ﬁlter’s magnitude
response in the frequency domain, as shown in Fig. 1. In a
maximally ﬂat approach, it is impossible to predeﬁne such
template since the only design parameter is the ﬁlter order.
Therefore, maximally ﬁlters are usually over-designed, i.e.,
ﬁlter orders are greater than required to satisfy a given set of
speciﬁcations.
Optimization-based approaches provide an appropriate way
to design ﬁlterswith prescribed frequencyenvelopesince speci-
ﬁcationscannaturallybecastintoconstraintsofanoptimization
problem. The objective function of the optimization problem
determines the ‘‘best’’ ﬁlter among feasible solutions. In this
paper, we specify an objective function such that the weighted
combination of the deviation of the magnitude response from 1
in the passband and the energy in the stopband is minimized.
As is linear phase, it is straightforward to show that
(14)
where is the zero phase component of and
(15)
(16)
Hence, the linear phase IIR HB ﬁlter design problem with pre-
deﬁned regularity and frequency envelope is formulated as the
following optimization problem:
where and are the prescribed peak ripple in the passband and
stopband, and and are the passband edge and stopband
edge of the ﬁlter’s frequency response, respectively. However,
one major difﬁculty at this stage is that the objective function,
which is the integral of a rational function, cannot be expressed
by ordinary analytical formula.
Authorized licensed use limited to: IEEE Xplore. Downloaded on January 4, 2009 at 17:17 from IEEE Xplore.  Restrictions apply.HOANG et al.: DESIGN OF EXACTLY LINEAR PHASE -REGULAR IIR HALF-BAND FILTER 1267
Fortunately, we can reformulate the objective function as
(17)
where the weights and are added in the objective function
so that the denominator does not become too small while
minimizing and . Thus, the problem is
reformulated as the following SIP:
(18a)
(18b)
(18c)
(18d)
(18e)
(18f)
III. MAIN RESULT:L OW-DIMENSIONAL SDP
In the previous section, the design of exactly linear phase IIR
HB ﬁlter has been cast into a SIP where constraints are trigono-
metric polynomials that are positive over ﬁnite intervals. An ef-
ﬁcient way to solve this kind of SIP is to characterize its inﬁnite
trigonometric constraints by linear matrix inequalities (LMIs).
In[20],thischaracterizationisobtainedviatheMackov–Lucacs
theorem on trigonometric polynomials yielding LMIs of very
high order, especially when the ﬁlter order increases. Here, we
employ the strategy in [7] and [21] to obtain low-dimensional
SDP via a novel LMI characterization for the convex hulls of
trigonometric curves.
A trigonometric curve is deﬁned as
and its polar is given by
The thmomenttrigonometricmatrix ofsize
is deﬁned as the positive semideﬁnite matrix
and, accordingly, the matrix is
created from by the variable change
(19)
i.e., . It is straightforward to show that
Deﬁne also
and, accordingly, is
created from by the variable change (19), i.e.,
.
Now, it is obvious that the optimization problem (18) can be
expressed as a quadratic optimization problem using the newly
deﬁned trigonometric curve as follows:
(20a)
(20b)
with
Clearly, if can be written in the LMI form, then the
above SIP is converted to an SDP. However, existing conver-
sion techniques often yields SDP of very high orders [20]. For
instance, for , it requires two symmetric matrix vari-
ables of orders 100 101 and 101 102, which are equivalent
to101 101scalarvariables.Toovercomethisobstacle,instead
of deriving the LMI characterization of directly, we will
get its conic hull, , and then exploiting duality theory
to obtain low-order SDPs. The following theorem provides the
LMI representation of conic hull of .
Theorem 1: ([21]) The conic hull of the
trigonometric curve is fully characterized by LMIs:
if and only if it satisﬁes the LMIs
(21)
where denotes the nearest lower integer to .
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Theconvexhull of isalsofullycharacterized
by LMIs: iff it satisﬁes the LMIs (21) with
.
The dual of (20) is derived by Lagrange multipliers method
as follows:
(22)
Applying Theorem 1 to (22), after some simple manipulation,
we arrive at the following SDP:
(23)
The optimal solution of (20) is directly retrieved from the
optimal solutions , of (23) by solving the following linear
system:
(24)
IV. SIMULATIONS
Here,wedemonstratetheapplicationoftheproposedmethod
to design exactly linear phase IIR HB ﬁlters with different sets
of prescribed speciﬁcations. All the SDPs are solved on a stan-
dard PC via SeDuMi, a Matlab-based symmetric cone program
solver [22].
First,wedemonstratethattheproposedmethodcanbeusedto
design linear phase IIR HB ﬁlter of arbitrary regularity that ﬁts
inapredeﬁnedtemplateinthefrequencydomain,whichisgiven
in Table I. Fig. 2 shows the magnitude response of a 2-regular
12th-order IIR HB ﬁlter that perfectly satisfy the prespeciﬁed
mask. Furthermore, due to the direct control of transition band
edges, the proposed ﬁlter possesses a much sharper transition
band than that of the maximally ﬂat ﬁlter of the same order.
Second, we show the tradeoff between ﬁlter regularity and
transition bandwidth through the proposed method. The pass-
band details of a 12th-order ﬁlter with different regularities are
presented in Fig. 3(a)–(c). Observe that higher regularity yields
smoother response of the ﬁlter around the frequency .
However, a higher degree of ﬂatness requires a wider transi-
tion band as shown in Fig. 3(d). Thus, the proposed method is a
useful tool to assist the designer in choosing the “right” balance
between various ﬁltering speciﬁcations and the ﬂatness of the
ﬁlter.
V. CONCLUSION
We have presented an efﬁcient method to design exactly
linear phase IIR half-band ﬁlters where regularity and ﬁltering
speciﬁcations in the frequency domain can be predeﬁned. The
proposed method is more ﬂexible than maximally ﬂat approach
in the sense that it enables the tradeoff between the degree
of ﬂatness and the quality of magnitude response. Several
examples have been presented to demonstrate the viability of
the proposed method.
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